
Commutator algebra

Warning: this notebook requires at least cadabra 0.137.

An often asked question is how to handle commutator algebra with Cadabra. This requires a
few steps which are perhaps not entirely transparent to a new user, hence the following simple
example.

In this notebook, we will verify the invariance of the two quadratic Casimirs of the Poincaré
algebra. That is, we will verify that

[Jµν , P 2] = 0 , and [Jµν ,W 2] = 0 , (1)

where P 2 = PµPµ is the momentum squared and W 2 = WµWµ is the square of

Wµ = ǫµνρσPνJρσ . (2)

We first make some straightforward property assignments: declaration of indices, declaration of
the operators Pµ and Jµν and the fact that they do not commute, and so on.

{\mu,\nu,\rho,\sigma,\lambda,\kappa,\alpha,\beta,\gamma,\xi}::Indices

{\mu,\nu,\rho,\sigma,\lambda,\kappa,\alpha,\beta,\gamma,\xi}::Integer(0..3).

\eta_{\mu\nu}::Metric.

\delta{#}::KroneckerDelta.

e_{\mu\nu\lambda\rho}::EpsilonTensor(delta=\delta).

J_{\mu\nu}::AntiSymmetric.

J_{\mu\nu}::SelfNonCommuting.

{ J_{\mu\nu}, P_{\mu} }::NonCommuting.

Assigning property Integer to \mu, \nu, \rho, \sigma, \lambda, \kappa, \alpha, \beta, \gamma,

Assigning list property Indices to \mu, \nu, \rho, \sigma, \lambda, \kappa, \alpha, \beta, \gamma,

Assigning property Metric to \eta.

Assigning property KroneckerDelta to \delta.

Assigning property EpsilonTensor to e.

Assigning property AntiSymmetric to J.

Assigning property SelfNonCommuting to J.

Assigning list property NonCommuting to J, P.

We also need one more somewhat non-intuitive property. This one tells the program that the
operators Pµ and Jµν are to be kept inside commutators (they cannot be factored out). Cadabra
does not (yet) deduce this from the NonCommuting property information, so you have to add this
by hand.

{J_{\mu\nu}, P_{\mu}}::Depends(\commutator).

Assigning property Depends to J, P.

In order to simplify expressions automatically, we set up a few default rules which are to be
executed after each command. These simply get rid of metric and Kronecker delta factors,
canonicalise the indices and collect equal terms.

::PostDefaultRules( @@eliminate_metric!(%), @@eliminate_kr!(%),

@@canonicalise!(%), @@rename_dummies!(%), @@collect_terms!(%) ).
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Assigning property PostDefaultRules to .

The Poincaré algebra

We now input the rules which define the Poincaré algebra. These are simply substitution rules,
to be used later in explicit substition commands.

poincare:= { \commutator{J_{\mu\nu}}{P_{\rho}}

-> \eta_{\mu\rho} P_{\nu} - \eta_{\nu\rho} P_{\mu},

\commutator{J_{\mu\nu}}{J_{\rho\sigma}}

-> \eta_{\mu\rho} J_{\nu\sigma}

- \eta_{\mu\sigma} J_{\nu\rho}

- \eta_{\nu\rho} J_{\mu\sigma}

+ \eta_{\nu\sigma} J_{\mu\rho} };

poincare := {[Jµν , Pρ] → (ηµρPν − ηνρPµ), [Jµν , Jρσ ] → (ηµρJνσ − ηµσJνρ − ηνρJµσ + ηνσJµρ)};

The P
2 Casimir

We know that P 2 is a Casimir, so the following should vanish:

\commutator{J_{\mu\nu}}{ P_{\rho}P_{\rho} };

2 := [Jµν , PρPρ];

Write out the commutator of products as a sum of commutators (this works because we have
declared \commutator as a Derivative).

@prodrule!(%);

2 := [Jµν , Pρ]Pρ + Pρ[Jµν , Pρ];

We can now rewrite the commutators, distribute the products and eliminate the metric to obtain
the desired result:

@substitute!(%)( @(poincare) );

2 := (ηµρPν − ηνρPµ)Pρ + Pρ(ηµρPν − ηνρPµ);

@distribute!(%);

2 := 0;

The W
2 Casimir

Now we do the same thing with W 2, the other Poincaré Casimir. . .

\commutator{J_{\mu\nu}}{W_\mu W_\mu};
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3 := [Jµν ,WρWρ];

@substitute!(%)( W_\mu -> e_{\mu\nu\lambda\rho} P_\nu J_{\lambda\rho} );

3 := [Jµν , (−1) eρσλκPρJσλeκαβγPαJβγ ];

@prodrule!(%);

3 := −[Jµν , eρσλκ]PρJσλeκαβγPαJβγ − eρσλκ[Jµν , Pρ]JσλeκαβγPαJβγ

− eρσλκPρ[Jµν , Jσλ]eκαβγPαJβγ − eρσλκPρJσλ[Jµν , eκαβγ ]PαJβγ

− eρσλκPρJσλeκαβγ [Jµν , Pα]Jβγ − eρσλκPρJσλeκαβγPα[Jµν , Jβγ ];

We get rid of the vanishing commutators by using:

@unwrap!(%);

3 := −eρσλκ[Jµν , Pρ]JσλeκαβγPαJβγ − eρσλκPρ[Jµν , Jσλ]eκαβγPαJβγ

− eρσλκPρJσλeκαβγ [Jµν , Pα]Jβγ − eρσλκPρJσλeκαβγPα[Jµν , Jβγ ];

@substitute!(%)( @(poincare) );

3 := −eρσλκ(ηµρPν − ηνρPµ)JσλeκαβγPαJβγ

− eρσλκPρ(−ηµσJλν − ηλµJνσ + ηνσJλµ + ηλνJµσ)eκαβγPαJβγ

− eρσλκPρJσλeκαβγ(ηαµPν − ηανPµ)Jβγ

− eρσλκPρJσλeκαβγPα(−ηβµJγν + ηγµJβν + ηβνJγµ − ηγνJβµ);

@distribute!(%);

3 := −eµρσλPνJρσeλκαβPκJαβ + eνρσλPµJρσeλκαβPκJαβ + 2 eµρσλPρJνσeλκαβPκJαβ

− 2 eνρσλPρJµσeλκαβPκJαβ − eµρσλPνJκαeρκαβPβJσλ + eνρσλPµJκαeρκαβPβJσλ

− 2 eµρσλPρJκαeσκαβPβJνλ + 2 eνρσλPρJκαeσκαβPβJµλ;

@epsprod2gendelta!(%);

3 := 6PνJρσδµλρκσαPλJκα − 6PµJρσδνλρκσαPλJκα + 12PρJνσδµρσλκαPκJλα

− 12PρJµσδνρσλκαPκJλα + 6PνJρσδµρλσκαPαJλκ − 6PµJρσδνρλσκαPαJλκ

− 12PρJσλδµρκσαλPκJνα + 12PρJσλδνρκσαλPκJµα;

The Kronecker delta with more than two indices is a generalised one; we break it up into normal
ones by using:

@breakgendelta!(%);
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3 := 6PνJρσ(
1

3
δλσδκρδαµ −

1

3
δλσδκµδαρ +

1

3
δλµδκσδαρ)PαJκλ

− 6PµJρσ(
1

3
δλσδκρδαν −

1

3
δλσδκνδαρ +

1

3
δλνδκσδαρ)PαJκλ

+ 12PρJνσ(
1

3
δλκδασδµρ −

1

3
δλκδαµδρσ +

1

3
δλσδκρδαµ)PκJαλ

− 12PρJµσ(
1

3
δλκδασδνρ −

1

3
δλκδανδρσ +

1

3
δλσδκρδαν)PκJαλ

+ 6PνJρσ(
1

3
δλκδασδµρ −

1

3
δλκδαρδµσ +

1

3
δλµδκσδαρ)PλJακ

− 6PµJρσ(
1

3
δλκδασδνρ −

1

3
δλκδαρδνσ +

1

3
δλνδκσδαρ)PλJακ

− 12PρJσλ(
1

3
δκλδασδµρ −

1

3
δκλδαρδµσ +

1

3
δκρδαλδµσ)PαJνκ

+ 12PρJσλ(
1

3
δκλδασδνρ −

1

3
δκλδαρδνσ +

1

3
δκρδαλδνσ)PαJµκ;

The rest is straightforward. Note that it works only because of all the PostDefaultRules.

@distribute!(%);

3 := 0;
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