
The Kaluza-Klein example from section 2.5 of hep-th/0701238

This example shows how to use @split_index in a somewhat more complicated setting.

{\mu,\nu,\rho,\sigma,\kappa,\lambda,\eta,\chi#}::Indices(full, position=independent).

{m,n,p,q,r,s,t,u,v,m#}::Indices(subspace, position=independent, parent=full).

Assigning list property Indices to {µ, ν, ρ, σ, κ, λ, η, χ#}.
Assigning list property Indices to {m, n, p, q, r, s, t, u, v, m#}.
Note the appearance of parent=full. This indicates that the indices in the second set span
a subspace of the indices in the first set. Also note that we have declared the indices as
position=independent, to prevent cadabra from automatically lowering or raising them when
canonicalising (it does not really help us here).

The remaining declarations are standard,

\partial{#}::PartialDerivative.

g_{\mu\nu}::Metric.

g^{\mu\nu}::InverseMetric.

g_{\mu? \nu?}::Symmetric.

g^{\mu? \nu?}::Symmetric.

h_{m n}::Metric.

h^{m n}::InverseMetric.

\delta^{\mu?}_{\nu?}::KroneckerDelta.

\delta_{\mu?}^{\nu?}::KroneckerDelta.

F_{m n}::AntiSymmetric.

Assigning property PartialDerivative to ∂# .
Assigning property Metric to gµν .
Assigning property InverseMetric to gµν .
Assigning property Symmetric to gµ?ν?.
Assigning property Symmetric to gµ?ν?.
Assigning property Metric to hmn.
Assigning property InverseMetric to hmn.
Assigning property KroneckerDelta to δµ?

ν?.
Assigning property KroneckerDelta to δµ?

ν?.
Assigning property AntiSymmetric to Fmn.
We will want to expand the Riemann tensor in terms of the metric. The following two substitution
rules do the conversion from Riemann tensor to Christoffel symbol and from Christoffel symbol
to metric (a library with common substitution rules like these is in preparation).

RtoG:= R^{\lambda?}_{\mu?\nu?\kappa?} ->

- \partial_{\kappa?}{ \Gamma^{\lambda?}_{\mu?\nu?} }

+ \partial_{\nu?}{ \Gamma^{\lambda?}_{\mu?\kappa?} }

- \Gamma^{\eta}_{\mu?\nu?} \Gamma^{\lambda?}_{\kappa?\eta}

+ \Gamma^{\eta}_{\mu?\kappa?} \Gamma^{\lambda?}_{\nu?\eta};

Gtog:= \Gamma^{\lambda?}_{\mu?\nu?} ->

(1/2) * g^{\lambda?\kappa} (

\partial_{\nu?}{ g_{\kappa\mu?} } + \partial_{\mu?}{ g_{\kappa\nu?} } - \partial_{\kappa}{
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RtoG := Rλ?
µ?ν?κ? → (−∂κ?Γ

λ?
µ?ν? + ∂ν?Γ

λ?
µ?κ? − Γη

µ?ν?Γ
λ?

κ?η + Γη
µ?κ?Γ

λ?
ν?η);

Gtog := Γλ?
µ?ν? →

1

2
gλ?κ(∂ν?gκµ? + ∂µ?gκν? − ∂κgµ?ν? );

Now input the Rm4n4 component and do the substitution. After each substitution, we distribute
products over sums. We also apply the product rule to distribute derivatives over factors in a
product.

todo:= g_{m1 m} R^{m1}_{4 n 4} + g_{4 m} R^{4}_{4 n 4};

@substitute!(%)( @(RtoG) ):

@substitute!(%)( @(Gtog) ):

@distribute!(%):

@prodrule!(%):

@distribute!(%):

@prodsort!(%);

todo := gm1mRm1
4n4 + g4mR4

4n4;
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todo := −
1

2
∂4g

m1κ ∂ngκ4 gm1m −
1

2
∂4ngκ4 gm1mgm1κ −

1

2
∂4gκn ∂4g

m1κ gm1m −
1

2
∂44gκn gm1mgm1κ

+
1

2
∂4g

m1κ ∂κg4n gm1m +
1

2
∂4κg4n gm1mgm1κ +

1

2
∂4gκ4 ∂ngm1κ gm1m +

1

2
∂n4gκ4 gm1mgm1κ

+
1

2
∂4gκ4 ∂ngm1κ gm1m +

1

2
∂n4gκ4 gm1mgm1κ−

1

2
∂κg44 ∂ngm1κ gm1m−

1

2
∂nκg44 gm1mgm1κ

−
1

4
∂ηgµ4 ∂ngκ4 gηκgm1mgm1µ−

1

4
∂4gµη ∂ngκ4 gηκgm1mgm1µ +

1

4
∂µg4η ∂ngκ4 gηκgm1mgm1µ

−
1

4
∂4gκn ∂ηgµ4 gηκgm1mgm1µ−

1

4
∂4gµη ∂4gκn gηκgm1mgm1µ +

1

4
∂4gκn ∂µg4η gηκgm1mgm1µ

+
1

4
∂κg4n ∂ηgµ4 gηκgm1mgm1µ +

1

4
∂4gµη ∂κg4n gηκgm1mgm1µ−

1

4
∂µg4η ∂κg4n gηκgm1mgm1µ

+
1

4
∂4gκ4 ∂ηgµn gηκgm1mgm1µ +

1

4
∂4gκ4 ∂ngµη gηκgm1mgm1µ−

1

4
∂4gκ4 ∂µgnη gηκgm1mgm1µ

+
1

4
∂4gκ4 ∂ηgµn gηκgm1mgm1µ +

1

4
∂4gκ4 ∂ngµη gηκgm1mgm1µ−

1

4
∂4gκ4 ∂µgnη gηκgm1mgm1µ

−
1

4
∂κg44 ∂ηgµn gηκgm1mgm1µ−

1

4
∂κg44 ∂ngµη gηκgm1mgm1µ +

1

4
∂κg44 ∂µgnη gηκgm1mgm1µ

−
1

2
∂4g

4κ ∂ngκ4 g4m −
1

2
∂4ngκ4 g4κg4m −

1

2
∂4g

4κ ∂4gκn g4m −
1

2
∂44gκn g4κg4m

+
1

2
∂4g

4κ ∂κg4n g4m +
1

2
∂4κg4n g4κg4m +

1

2
∂4gκ4 ∂ng4κ g4m +

1

2
∂n4gκ4 g4κg4m

+
1

2
∂4gκ4 ∂ng4κ g4m +

1

2
∂n4gκ4 g4κg4m −

1

2
∂κg44 ∂ng4κ g4m −

1

2
∂nκg44 g4κg4m

−
1

4
∂ηgµ4 ∂ngκ4 g4µg4mgηκ −

1

4
∂4gµη ∂ngκ4 g4µg4mgηκ +

1

4
∂µg4η ∂ngκ4 g4µg4mgηκ

−
1

4
∂4gκn ∂ηgµ4 g4µg4mgηκ −

1

4
∂4gµη ∂4gκn g4µg4mgηκ +

1

4
∂4gκn ∂µg4η g4µg4mgηκ

+
1

4
∂κg4n ∂ηgµ4 g4µg4mgηκ +

1

4
∂4gµη ∂κg4n g4µg4mgηκ −

1

4
∂µg4η ∂κg4n g4µg4mgηκ

+
1

4
∂4gκ4 ∂ηgµn g4µg4mgηκ +

1

4
∂4gκ4 ∂ngµη g4µg4mgηκ −

1

4
∂4gκ4 ∂µgnη g4µg4mgηκ

+
1

4
∂4gκ4 ∂ηgµn g4µg4mgηκ +

1

4
∂4gκ4 ∂ngµη g4µg4mgηκ −

1

4
∂4gκ4 ∂µgnη g4µg4mgηκ

−
1

4
∂κg44 ∂ηgµn g4µg4mgηκ −

1

4
∂κg44 ∂ngµη g4µg4mgηκ +

1

4
∂κg44 ∂µgnη g4µg4mgηκ;

We now split the µ index into a m part and the remaining 4 direction (the !! version of the
command makes it apply until the result no longer changes). After that, we remove x4 derivatives
of the gauge field and write the expression in canonical form,

@split_index!!(%){\mu,m1,4}:

@canonicalise!(%):

@substitute!(%)( \partial_{4}{A??} -> 0 ):

@substitute!(%)( \partial_{4 m?}{A??} -> 0 );
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todo := −
1

2
∂m1g44 ∂ngm1p gmp −

1

2
∂nm1g44 gmpg

m1p −
1

4
∂ng4m1 ∂pg4q gm1pgmrg

qr

−
1

4
∂m1g44 ∂ng4p gm1pgmqg

4q −
1

4
∂m1g4p ∂ng44 g4m1gmqg

pq −
1

4
∂ng44 ∂m1g44 g4m1gmpg

4p

+
1

4
∂m1g4p ∂ng4q gm1rgmrg

pq +
1

4
∂m1g4p ∂ng44 g4pgmqg

m1q +
1

4
∂m1g44 ∂ng4p g4pgmqg

m1q

+
1

4
∂ng44 ∂m1g44 g44gmpg

m1p +
1

4
∂m1g4n ∂pg4q gm1pgmrg

qr +
1

4
∂m1g4n ∂pg44 gm1pgmqg

4q

−
1

4
∂m1g4p ∂qg4n gm1rgmrg

pq −
1

4
∂m1g44 ∂pg4n g4pgmqg

m1q −
1

4
∂m1g44 ∂pgnq gm1pgmrg

qr

−
1

4
∂m1g44 ∂pg4n gm1pgmqg

4q −
1

4
∂m1g44 ∂ngpq gm1pgmrg

qr −
1

4
∂m1g44 ∂ng4p gm1pgmqg

4q

−
1

4
∂m1g44 ∂ng4p g4m1gmqg

pq −
1

4
∂ng44 ∂m1g44 g4m1gmpg

4p

+
1

4
∂m1g44 ∂pgnq gm1qgmrg

pr +
1

4
∂m1g44 ∂pg4n g4m1gmqg

pq −
1

2
∂pg44 ∂ng4p g4m

−
1

2
∂npg44 g4pg4m −

1

4
∂ng4p ∂qg4r g4rg4mgpq −

1

4
∂pg44 ∂ng4q g44g4mgpq

−
1

4
∂pg4q ∂ng44 g4qg4mg4p −

1

4
∂ng44 ∂pg44 g44g4mg4p +

1

4
∂pg4q ∂ng4r g4pg4mgqr

+
1

4
∂pg4q ∂ng44 g4pg4mg4q +

1

4
∂pg44 ∂ng4q g4pg4mg4q +

1

4
∂ng44 ∂pg44 g4pg4mg44

+
1

4
∂pg4n ∂qg4r g4rg4mgpq +

1

4
∂pg4n ∂qg44 g44g4mgpq −

1

4
∂pg4q ∂rg4n g4pg4mgqr

−
1

4
∂pg44 ∂qg4n g4pg4mg4q −

1

4
∂pg44 ∂qgnr g4rg4mgpq −

1

4
∂pg44 ∂qg4n g44g4mgpq

−
1

4
∂pg44 ∂ngqr g4qg4mgpr −

1

4
∂pg44 ∂ng4q g44g4mgpq −

1

4
∂pg44 ∂ng4q g4qg4mg4p

−
1

4
∂ng44 ∂pg44 g44g4mg4p +

1

4
∂pg44 ∂qgnr g4qg4mgpr +

1

4
∂pg44 ∂qg4n g4qg4mg4p;

In the next step, we insert the metric ansatz and simplify the result as much as possible.

@substitute!(%)( g_{4 4} -> \phi ):

@substitute!(%)( g_{4 m} -> \phi A_{m} ):

@substitute!(%)( g_{m n} -> \phi**{-1} h_{m n} + \phi A_{m} A_{n} ):

@substitute!(%)( g^{4 4} -> \phi**{-1} + \phi A_{m} h^{m n} A_{n} ):

@substitute!(%)( g^{4 m} -> - \phi h^{m n} A_{n} ):

@substitute!(%)( g^{m n} -> \phi h^{m n} ):

@distribute!(%):

@prodrule!(%):

@distribute!(%):

@prodrule!(%):

@canonicalise!(%):

@substitute!!(%)( h_{m1 m2} h^{m3 m2} -> \delta_{m1}^{m3} ):

@eliminate_kr!(%):

@collect_factors!(%):

@prodsort!(%):

@collect_terms!(%);
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todo := −
1

2
∂mφ∂nφφ(−1) −

1

2
∂m1φ∂nhm1p hmp −

1

4
AmAp∂m1φ∂nφφhm1p

−
1

2
AmAp∂m1φ∂nhm1p φ2 −

1

2
∂nmφ −

1

2
AmAp∂nm1φφ2hm1p

−
1

4
Am1∂pAm ∂nφφ2hm1p −

1

4
Am∂nAm1 ∂pφφ2hm1p −

1

4
∂nAm1 ∂pAm φ3hm1p

−
1

4
AmAqAr∂nAm1 ∂pφφ4hm1phqr −

1

4
AmAr∂nAm1 ∂pAq φ5hm1phqr

+
1

2
Ar∂nAp ∂m1φφ2hmqh

m1phqr +
1

4
AmAqAr∂nAp ∂m1φφ4hm1phqr

+
1

4
Aq∂m1Am ∂nφφ2hm1q +

1

4
Ap∂nAq ∂mφφ2hpq +

1

4
Aq∂mAp ∂nφφ2hpq

+
1

4
∂mAq ∂nAm1 φ3hm1q +

1

4
AmAr∂nAm1 ∂pAq φ5hm1qhpr −

1

4
Ar∂mAp ∂nφφ2hpr

−
1

4
Ar∂nAp ∂mφφ2hpr +

1

4
Am∂m1An ∂pφφ2hm1p +

1

4
∂m1An ∂pAm φ3hm1p

+
1

4
AmAr∂m1An ∂pAq φ5hm1phqr −

1

4
Ar∂m1An ∂pφφ2hmqh

m1phqr −
1

4
Ap∂qAn ∂mφφ2hpq

−
1

4
An∂mAp ∂qφφ2hpq −

1

4
∂mAq ∂m1An φ3hm1q −

1

4
AmAnAr∂m1Ap ∂qφφ4hm1rhpq

−
1

4
AmAr∂m1An ∂pAq φ5hm1qhpr +

1

4
Ar∂pAn ∂mφφ2hpr +

1

4
∂m1φ∂pφφ(−1)hmnhm1p

−
1

4
∂m1φ∂phnm hm1p +

1

4
AmAr∂m1φ∂pφφhnqh

m1phqr −
1

4
AmAr∂m1φ∂phnq φ2hm1phqr

−
1

4
Am∂pAn ∂m1φφ2hm1p +

1

4
Ar∂pAn ∂m1φφ2hmqh

m1phqr +
1

4
∂m1φ∂nφφ(−1)hmqh

m1q

−
1

4
∂m1φ∂nhpm hm1p +

1

4
AmAr∂m1φ∂nφφhpqh

m1phqr −
1

4
AmAr∂m1φ∂nhpq φ2hm1phqr

−
1

4
Am∂nAp ∂m1φφ2hm1p −

1

4
Ap∂nAm ∂m1φφ2hm1p +

1

4
Aq∂nAm ∂m1φφ2hm1q

+
1

4
∂m1φ∂mhnq hm1q −

1

4
AmAr∂nφ∂pφφhpr +

1

4
AmAr∂m1φ∂phnq φ2hm1qhpr

+
1

4
An∂mAq ∂m1φφ2hm1q +

1

4
AmAnAr∂pAq ∂m1φφ4hm1qhpr +

1

2
AmAq∂pφ∂nhpq φ2

+
1

2
AmAq∂npφφ2hpq +

1

4
AmArAs∂nAp ∂qφφ4hpqhrs +

1

4
AmAs∂nAp ∂qAr φ5hpqhrs

−
1

4
AmArAs∂nAq ∂pφφ4hpqhrs +

1

4
AmAs∂nφ∂pφφhps −

1

4
AmAs∂nAp ∂qAr φ5hprhqs

−
1

4
AmAs∂pAn ∂qAr φ5hpqhrs +

1

4
Am∂pAn ∂qφφ2hpq +

1

4
AmAnAs∂pAq ∂rφφ4hpshqr

+
1

4
AmAs∂pAn ∂qAr φ5hprhqs−

1

4
AmAs∂pφ∂qφφhnrh

pqhrs +
1

4
AmAs∂pφ∂qhnr φ2hpqhrs

−
1

4
Am∂qAn ∂pφφ2hpq −

1

4
AmAs∂nφ∂pφφhqrh

pqhrs +
1

4
AmAs∂pφ∂nhqr φ2hpqhrs

+
1

4
AmAs∂nφ∂qφφhqs −

1

4
AmAs∂pφ∂qhnr φ2hprhqs −

1

4
AmAnAs∂qAr ∂pφφ4hprhqs;

Some derivatives have to be rewritten to a canonical form,
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@substitute!(%)( \partial_{p}{h^{n m}} h_{q m} -> - \partial_{p}{h_{q m}} h^{n m} ):

@canonicalise!(%):

@substitute!(%)( h_{m1 m2} h^{m3 m2} -> \delta_{m1}^{m3} ):

@eliminate_kr!(%);
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todo := −
1

2
∂mφ∂nφφ(−1) +

1

2
∂m1φ∂nhmp hm1p −

1

4
AmAm1∂nφ∂pφφhm1p

−
1

2
AmAm1∂pφ∂nhm1p φ2 −

1

2
∂mnφ −

1

2
AmAm1∂npφφ2hm1p

−
1

4
Am1∂pAm ∂nφφ2hm1p −

1

4
Am∂nAm1 ∂pφφ2hm1p −

1

4
∂nAm1 ∂pAm φ3hm1p

−
1

4
AmAm1Ap∂nAq ∂rφφ4hm1phqr −

1

4
AmAm1∂nAp ∂qAr φ5hm1rhpq

+
1

2
Am∂nAp ∂qφφ2hpq +

1

4
AmAm1Ap∂nAq ∂rφφ4hm1phqr +

1

4
Am1∂qAm ∂nφφ2hm1q

+
1

4
Ap∂nAq ∂mφφ2hpq +

1

4
Ap∂mAq ∂nφφ2hpq +

1

4
∂mAm1 ∂nAq φ3hm1q

+
1

4
AmAm1∂nAp ∂qAr φ5hm1qhpr −

1

4
Ap∂mAr ∂nφφ2hpr −

1

4
Ap∂nAr ∂mφφ2hpr

+
1

4
Am∂m1An ∂pφφ2hm1p +

1

4
∂m1Am ∂pAn φ3hm1p +

1

4
AmAm1∂pAn ∂qAr φ5hm1rhpq

−
1

4
Am∂pAn ∂qφφ2hpq −

1

4
Ap∂qAn ∂mφφ2hpq −

1

4
An∂mAp ∂qφφ2hpq

−
1

4
∂mAm1 ∂qAn φ3hm1q −

1

4
AmAnAm1∂pAq ∂rφφ4hm1phqr

−
1

4
AmAm1∂pAn ∂qAr φ5hm1qhpr +

1

4
Ap∂rAn ∂mφφ2hpr +

1

4
∂m1φ∂pφφ(−1)hmnhm1p

−
1

4
∂m1φ∂phmn hm1p +

1

4
AmAn∂pφ∂qφφhpq −

1

4
AmAm1∂pφ∂qhnr φ2hm1rhpq

−
1

4
Am∂m1An ∂pφφ2hm1p +

1

4
Am∂pAn ∂qφφ2hpq +

1

4
∂nφ∂mφφ(−1)

−
1

4
∂m1φ∂nhmp hm1p +

1

4
AmAm1∂nφ∂qφφhm1q −

1

4
AmAm1∂pφ∂nhqr φ2hm1qhpr

−
1

4
Am∂nAm1 ∂pφφ2hm1p −

1

4
Am1∂nAm ∂pφφ2hm1p +

1

4
Am1∂nAm ∂qφφ2hm1q

+
1

4
∂m1φ∂mhnq hm1q −

1

4
AmAp∂nφ∂rφφhpr +

1

4
AmAm1∂pφ∂qhnr φ2hm1qhpr

+
1

4
An∂mAm1 ∂qφφ2hm1q +

1

4
AmAnAm1∂pAq ∂rφφ4hm1phqr +

1

2
AmAp∂qφ∂nhpq φ2

+
1

2
AmAp∂nqφφ2hpq +

1

4
AmApAq∂nAr ∂sφφ4hpqhrs +

1

4
AmAp∂nAq ∂rAs φ5hpshqr

−
1

4
AmApAq∂nAr ∂sφφ4hpqhrs +

1

4
AmAp∂nφ∂sφφhps −

1

4
AmAp∂nAq ∂rAs φ5hprhqs

−
1

4
AmAp∂qAn ∂rAs φ5hpshqr +

1

4
Am∂pAn ∂qφφ2hpq +

1

4
AmAnAp∂qAr ∂sφφ4hpqhrs

+
1

4
AmAp∂qAn ∂rAs φ5hprhqs −

1

4
AmAn∂qφ∂rφφhqr +

1

4
AmAp∂qφ∂rhns φ2hpshqr

−
1

4
Am∂pAn ∂qφφ2hpq −

1

4
AmAp∂nφ∂rφφhpr +

1

4
AmAp∂qφ∂nhrs φ2hprhqs

+
1

4
AmAq∂nφ∂sφφhqs −

1

4
AmAp∂qφ∂rhns φ2hprhqs −

1

4
AmAnAp∂qAr ∂sφφ4hpqhrs;

Finally, we replace the derivative of the gauge field with the field strength,
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@substitute!(%)( \partial_{n}{A_{m}} -> 1/2*\partial_{n}{A_{m}} + 1/2*F_{n m}

+ 1/2*\partial_{m}{A_{n}} ):

@distribute!(%):

@prodsort!(%):

@canonicalise!(%):

@rename_dummies!(%):

@collect_terms!(%);

todo := −
1

4
∂mφ∂nφφ(−1) +

1

4
∂pφ∂nhmq hpq −

1

2
∂mnφ +

1

4
FmpFnqφ

3hpq

+
1

4
∂pφ∂qφφ(−1)hmnhpq −

1

4
∂pφ∂qhmn hpq +

1

4
∂pφ∂mhnq hpq;
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